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We consider the Bose condensation of particles with spin 1/2. The condensation is driven by
an external magnetic field. Our work is motivated by ideas of quantum critical deconfinement and
bosonic spinons in spin liquid states. We show that both the nature of the novel Bose condensate
and the excitation spectrum are fundamentally different from that in the usual integer spin case.
We predict two massive (“Higgs”) excitations and two massless Goldstone excitations. One of the
Goldstone excitations has a linear excitation spectrum and another has quadratic spectrum. This
implies that the Bose condensate does not support superfluidity, the Landau criterion is essentially
violated. We formulate a “smoking gun” criterion for searches of the novel Bose condensation.
PACS numbers: 64.70.Tg, 75.40.Gb, 75.10.Jm
The phenomenon of Bose-Einstein condensation [1, 2]
is of enormous importance in physics, from superfluidity
of liquid 4He [3–5] to cold atoms [6]. The famous spin-
statistics theorem [7] claims that particles with integer
spin obey Bose statistics and particles with half integer
spin obey Fermi statistics. Therefore only particles with
integer spin can Bose condensate [8]. The spin statistic
relation is based on Lorentz invariance, so the relation
is a relativistic effect which is absolutely important even
at extremely low energy. If the number of particles is
conserved the stability of Bose condensate is not related
to interaction between bosons. The repulsive interaction
is only responsible for a linear in momentum spectrum
of Goldstone excitations [5]. The linear spectrum guar-
antees superfluidity of the Bose condensate [4]. If the
number of particles is not conserved, like in the case of
magnetic field induced Bose condensation of magnons in
a gapped quantum antiferromagnet [9, 10], then the sta-
bility of the condensate is only due to repulsion between
particles. The excitation spectrum above the condensate
is still linear in momentum. The linearity is a generic
property of a conventional Bose condensation.
The idea of bosonic quasiparticles with spin 1/2,
spinons, is a new paradigm in condensed matter physics.
Bosonic spinons have been proposed as quasiparticles in
some kinds of spin liquids [11]. Bosonic spinons also ap-
pear in the deconfined quantum criticality (DQC) sce-
nario. The scenario has been suggested [12, 13] to ex-
plain properties of a magnetic quantum phase transition
between a Neel antiferromagnet (AF) and a valence-bond
solid (VBS) in a two-dimensional system of S=1/2 spins.
According to this scenario the system fractionalize into
independent (deconfined) spinons. Bosonic spinons do
not contradict the spin statistics theorem since they are
quasiparticles in a solid and hence the Lorentz invariance
is explicitly violated. Both the spin liquid and the DQC
are essentially strong coupling nonperturbative phenom-
ena, therefore there is no simple theoretical model where
the phenomena can be studied analytically. There are
several spin-lattice models which, according to numerical
studies, manifest the spin liquid behaviour or DQC. The
J-Q spin-lattice model had been specially designed [14]
to study DQC numerically. The model is assessable by
quantum Monte Carlo (QMC) numerical method which
allows the study of very large lattices. To the best of our
knowledge this model enables the analysis of the largest
lattices among all existing DQC and spin liquid lattice
models. Therefore, we refer to numerical results on this
model.
The QMC simulations of the J-Q model [14, 15] sup-
port the DQC scenario. The scenario violates the long-
held Landau rule according to which an order-order tran-
sition breaking unrelated symmetries should be of first
order. Some studies claim a generic first-order Neel-
valence-bond-solid transition [16]. A weak discontinu-
ity (first order) certainly cannot be ruled out based on
numerical data. However, the most important issue is
not the order of the transition, the most important is-
sue is deconfinement of spinons. This issue was directly
addressed in Ref. [17] using the Wilson ratio method
(the ratio of uniform magnetic susceptibility over spe-
cific heat). The ratio was calculated numerically (QMC)
within the strongly interacting J-Q model. The calcu-
lation has been performed in terms of original (bare)
lattice spins and does not refer to any quasiparticles.
On the other hand the Wilson ratio can be expressed
in terms of quasiparticles, importantly the ratio is pro-
portional to the quasiparticle spin squared. Comparison
of the QMC results with the quasiparticle expression has
demonstrated the following points. (i) The spin of the
bosonic quasiparticle is really S=1/2. This is a major
conclusion. Besides that the analysis [17] has demon-
strated two more points. (ii) The spinons interact even
weaker than it is predicted in the DQC scenario [12, 13].
(iii) There is a logarithmic correction to the Wilson ratio,
the correction is due to large spinon occupation numbers
in a weak magnetic field, nk  1, and hence, the correc-
tion is a precursor to spinon Bose condensation.
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2In the present work we consider Bose condensation of
particles with S=1/2. The condensation is driven by an
external magnetic field. The present study is motivated
by models of spin liquids [11], the DQC scenario [12, 13]
and by numerical results of Ref. [17] for the J-Q model.
However, results of the present work are decoupled from
the motivations. The results are generic and can be
applied to bosonic spinons in solids and to particles in
vacuum which for some reason do not respect the spin-
statistics theorem (the case of fundamental violation of
Lorentz invariance).
Following Refs. [12, 13] we use the CP1 representation
to describe spinons, so the mathematical object of the
theory, z, is an SU(2) spinor. The effective Lagrangian
of spinons is
L = {∂tz† + iSz†(~σ · ~B)}{∂tz − iS(~σ · ~B)z}
− (∇z†)(∇z)−m2z†z − α
2
(z†z)2. (1)
We set the spinon speed equal to unity, ~B = 2SµB ~B, ~B
is the external uniform static magnetic field, S = 1/2 is
spin of the spinon, and µB is the Bohr magneton; ~σ are
the usual Pauli matrices, m is mass of the spinon. The
interaction is repulsive, α > 0 and first we assume that
m2 ≥ 0. Unlike Refs. [12, 13] the Lagrangian (1) does not
contain a dynamic gauge field. This is directly motivated
by the QMC analysis [17] which does not show a contri-
bution of the gauge field. We already pointed out that
the same QMC analysis indicates a logarithmic correction
to magnetic susceptibility. The correction can be due to
a slightly nonpolinomial interaction of spinons. Here we
disregard this correction and consider a simple quartic
interaction α2 (z
†z)2. While the DQC motivation comes
from two-dimensional (2D) systems (spatial dimensions),
the Lagrangian (1) can be considered both in two and
three dimensions.
If magnetic field is smaller than mass, B < m, then the
classical part of the field z is zero and the quantum part
obeys the following Euler-Lagrange equation
z¨ −∇2z − 2i(~σ · ~B)z˙ + [m2 − B2]z = 0 (2)
We ignore the interaction here having in mind that it is
reabsorbed in the quantum renormalization of mass. The
plane wave solution is z(t, ~x)→ uλei~k·~x−iωkλt, where the
spinor uλ follows from (~σ · ~B)uλ = λBuλ, λ = ±1. Hence
ωkλ = Ωk + λB . (3)
Here Ωk =
√
m2 + k2. The standard canonical quantiza-
tion gives
z =
∑
~kλ
1√
2Ωk
uλ[aˆkλe
iωkλt−i~k·~x + bˆ†kλe
−iωkλt+i~k·~x] (4)
where, aˆkλ and bˆkλ are bosonic creation and annihilation
operators. Importantly, z is a usual spinor, z 6= z†, and
therefore one must introduce two types of bosons, a and
b, or spinons and antispinons. This implies that at a given
momentum there are four degrees of freedom, (a, b)×(λ =
±1) [12, 13].
Obviously if B > m the dispersion (3) becomes nega-
tive and this implies Bose condensation at k = 0. Energy
density corresponding to (1) is E = z˙†z˙+∇z†∇z+(m2−
B2)z†z + α2 (z†z)2. Minimization of the energy gives the
spinor condensate and the classical energy [18]
z†0z0 =
(B2 −m2)
α
, E0 = − (B
2 −m2)2
α
. (5)
This expression has the following implications. First
of all, z†0z0 is a real number that effectively counts to-
gether the number of spinons and antispinons. How-
ever, the condensate z†0z0 gives no information as to
the relative contributions of spinons and antispinons.
The second implication, is that the ground state en-
ergy has no dependence on how the spin polarization
vector ~ζ0 = z
†
0~σz0 = (sin θ0 cosϕ0, sin θ0 sinϕ0, cos θ0) is
directed relative to the magnetic field ( ~B||zˆ), see Fig.1.
The spinor condensate is
FIG. 1: (Color online. Orientation of the spinor condensate
vector ~ζ0 with respect to magnetic field. )
z0 = A0e
iγ0
(
cos θ0/2
eiϕ0 sin θ0/2
)
, (6)
A0 =
√
(B2 −m2)/α. Note, that the induced mag-
netization is still directed along ~B, ~M = −∂E0∂B =
4µB
(B2−m2)
α
~B. The degeneracy with respect to direc-
tion of ~ζ0 implies that there are two Goldstone gapless
excitations in the system corresponding to variation of
angles θ0 and ϕ0 in Fig.1. We already pointed out that
the total number of modes is four. So, in the spinor
Bose condensate phase we expect two gapless Goldstone
modes and two gapped Higgs modes. Note that the situa-
tion is very different from Bose condensation of magnons
in a quantum antiferromagnet (condensation of a vector
field). The staggered magnetization is always orthogonal
to the external magnetic field. This results in one gapless
Goldstone mode and two gapped Higgs modes in the case
of magnon condensation, see e.g. Refs. [19, 20].
3To find explicitly the excitation modes in the Bose con-
densate phase we represent
z = z0 + δz . (7)
The Euler-Lagrange equation for δz reads
δz¨ −∇2δz − 2i(~σ · ~B)δz˙ + α(δz†z0)z0 + α(z†0δz)z0 = 0(8)
A small mathematical complication is that this equation
contains both δz and δz†. Therefore, the solution is of
the following form,
δz = z+e
iωt−ikr + z−e−iωt+ikr . (9)
After some algebra, presented in the supplementary ma-
terial, we find the following modes
ω1k =
√
B2 + k2 − B (10)
ω2k =
√
3B2 −m2 + k2 −
√
(3B2 −m2)2 + 4B2k2
ω3k =
√
B2 + k2 + B
ω4k =
√
3B2 −m2 + k2 +
√
(3B2 −m2)2 + 4B2k2 .
The first two modes are gapless (Goldstone), ωk=0 = 0,
and the second two modes are gapped (Higgs). Very
surprisingly the first Goldstone mode has quadratic dis-
persion at small k, ω1k ≈ k22B , while the second Gold-
stone mode has the usual linear dispersion, ω2k ≈ ck,
c =
√
B2−m2
3B2−m2 .
In order to gain an intuitive/geometric understanding
of the excitation modes, it is instructive to look at the
variation of the spin expectation vector in these modes,
~ζ = z†~σz = ~ζ0 + δ~ζ where δ~ζ ≈ z†0~σδz + δz†~σz0. Cal-
culations presented in the supplementary material shows
that for the Goldstone modes at small momenta k → 0,
the variations are
δ~ζ1 ∝
cos θ0 cos(ψ + ϕ0)cos θ0 sin(ψ + ϕ0)
− sin θ0 cosψ

δ~ζ2 ∝
− sin θ0 sinϕ0sin θ0 cosϕ0
0
 sinψ. (11)
Here ψ is the plane wave phase, ψ = ωt − ~k · ~r. For the
Goldstone mode with quadratic dispersion, the variation
δ~ζ1 is shown in the panel (a) of Fig. 2. It represents an
anticlockwise rotation of vector ~ζ around the vacuum po-
larization vector ~ζ0. The spin polarization variation δ~ζ2
in the Goldstone mode with linear dispersion is shown in
the panel (b) Fig. 2. The mode represents linear oscilla-
tions of vector ~ζ around the vacuum polarization vector
~ζ0 in the direction perpendicular the meridian.
Both Goldstone modes satisfy the orthogonality con-
dition δ~ζ1 · ~ζ0 = δ~ζ2 · ~ζ0 = 0. The spin oscillations are in
the plane orthogonal to the spin condensate vector. Po-
larizations of the Goldstone modes are intuitively quite
natural, a circular polarization for the quadratic disper-
sion mode, similar to that in a ferromagnet and a linear
polarization in the linear dispersion mode, similar to that
in an antiferromagnet.
Variations of the spin expectation vectors in Higgs
modes are (see supplementary material).
δ~ζ3 ∝
− cos θ0 cos(ψ − ϕ0)cos θ0 sin(ψ − ϕ0)
sin θ0 cosψ

δ~ζ4 ∝
− sin θ0 sinϕ0sin θ0 cosϕ0
0
 sinψ + b4~ζ0 cosψ. (12)
Where b4, presented in the supplementary material, is
a non-zero constant b4 → const 6= 0 at small momenta
k → 0. The third mode represents a clockwise rotation
of vector ~ζ around the vacuum polarization vector ~ζ0,
see panel (c) in Fig. 2. Finally the fourth mode repre-
sents elliptic oscillations in the plane perpendicular to
the meridian, see panel (d) in Fig. 2. The mode has both
a longitudinal component (the component parallel to ~ζ0)
and a transverse component.
Instead of the external magnetic field a Quantum
Phase Transition (QPT) can be driven by some exter-
nal parameter g. In the case of magnon condensation in
the spin dimerized compound TlCuCl3 such parameter
is pressure [21–23]. In this case the mass squared term
in the magnon Lagrangian changes sign at the transi-
tion [20]. Now we consider a similar QPT for spinons
described by the Lagrangian (1), m2 ∝ g − gc. The for-
mula m2 ∝ g − gc assumes a continuous QPT, but in
the end the continuity is not crucial, one can consider a
weak discontinuous (first order) QPT too. There are two
following crucial points which generally are independent
of the kind of QPT, (i) the nature of quasiparticles is the
same (spinons) on both sides of the QPT, (ii) the mass
squared is negative, m2 = −|m2|, in the ordered phase.
Now we consider zero magnetic field. Minimization of
the energy gives the following spinor condensate in the
ordered phase
z†0z0 =
|m2|
α
. (13)
The Euler-Lagrange equation for the variation δz, δz¨ −
∇2δz + α(δz†z0)z0 + α(z†0δz)z0 = 0, can be easily solved
using (9). This gives three Goldstone excitations and one
gapped Higgs excitation
ω1 = ω2 = ω3 = k
ω4 =
√
2|m2|+ k2 .
It is instructive to compare QPTs of spinons (conden-
sation of the spinor field, S=1/2) and QPTs of magnons
4(a) (b) (c) (d)
FIG. 2: Oscillations of the spin polarization vector ~ζ with respect to the condensate vector ~ζ0 in different excitation modes.
The solid black arrow represents an arbitrary ~ζ0. (a) Goldstone mode with quadratic dispersion. Anticlockwise rotation, the
orange circle shows the path traced by the oscillations. (b) Goldstone mode with linear dispersion. Linear oscillations in the
direction perpendicular to the meridian. (c) Higgs mode |3〉. Clockwise rotation, the orange circle shows the path traced by the
oscillations. (d) Higgs mode |4〉. Elliptic oscillations in the plane perpendicular the meridian.
(condensation of the vector field, S=1). First, compare
without magnetic field. (i)In the case of magnons (S=1)
there are three degenerate gapped modes in the magnet-
ically disordered phase. In the ordered phase there are
two gapless Goldstone modes with linear dispersion and
one gapped Higgs mode (longitudinal magnon). (ii)In
the case of spinons (S=1/2) there are four degenerate
gapped modes in the disordered phase. In the ordered
phase there are three gapless Goldstone modes with lin-
ear dispersion and one gapped Higgs mode.
Application of a sufficiently strong magnetic field in the
disordered phase leads to Bose condensation, this is true
for both magnons and spinons. However, excitations
in the Bose condensates are very different. (i)In the
case of Bose condensation of magnons (S=1) there is
one gapless Goldstone mode with linear dispersion and
two gapped Higgs modes. The linear Goldstone mode
is a generic property of conventional Bose condensation.
(ii)In the case of Bose condensation of spinons (S=1/2)
there are two gapless Goldstone modes and two gapped
Higgs modes. One of the Goldstone modes has quadratic
dispersion and another has linear dispersion.
Existence of the quadratic Goldstone mode in the Bose
condensate of spinons is the most unconventional prop-
erty. The first consequence of this property is that the
condensate does not support superfluidity. The Landau
criterion of superfluidity [4] is not fulfilled. The second
consequence of the quadratic mode is the unusual tem-
perature dependence of the specific heat. In a conven-
tional Bose condensate the specific heat scales with tem-
perature as C ∝ T 2 in 2D, and C ∝ T 3 in 3D. At the
same time in the S=1/2 Bose condensate
2D : C =
1
pi
ζ(2)BT
3D : C =
15
8
√
2pi3/2
ζ(5/2)B3/2T 3/2 . (14)
Here ζ(x) is Riemann’s zeta function. The unconven-
tional specific heat is a smoking gun for the uncon-
ventional Bose condensate. The Mermin-Wagner theo-
rem [24] is certainly valid for spinon condensates. This
implies that there is no true long range order at T 6= 0 in
2D case. However, as usual the exponentially large corre-
lation length does not influence the power of temperature
in the specific heat (14).
When applying the present analysis to the AF→ VBS
transition in a quantum magnet one has to remember
that the deconfined description is valid only within a
vicinity of the quantum critical point. There is no doubt
that deep inside the VBS phase the quasiparticles are
usual triplons and that deep inside the AF phase the
quasipraticles are usual transverse magnons. This im-
plies that there is a spinon confinement length ξ which
depends on the detuning from the quantum critical point.
It is possible that the gauge field [12, 13], while does
not show up as a dynamic variable in (1), still acts as
a constraint contributing to formation of the confine-
ment length. The deconfined description, and in par-
ticular Eq.(14), is valid if the spinon thermal wavelength
is smaller than the confinement scale, λT ∼ 1/
√BT  ξ.
In conclusion, we have considered Bose condensation
of particles with spin S=1/2. The Bose statistics for the
half integer spin particles implies violation of the spin
statistics theorem. While we believe that our results are
generic, specifically we consider the Bose condensation of
spinons driven by a magnetic field. The most surprising
are the gapless Goldstone excitations in the spinon con-
densate. There are two such excitations, one has a linear
in momentum dispersion and another has a quadratic dis-
persion. The quadratic dispersion implies that the con-
densate does not support superfluidity. This also implies
an unconventional temperature behaviour of the specific
heat. This is a smoking gun criterion/behaviour for iden-
5tification of the unconventional Bose condensation. Ob-
servation of such behaviour in an experiment or in a nu-
merical simulation would be an unambiguous indication
for the Bose condensation of spinons.
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Supplementary Material
Part A
In this section we show how the Euler-Lagrange equation (8) generates the Bose
condensate excitation modes (10).
It is convenient to define the following time independent spinors
u =
(
cos θ0
2
sin θ0
2
eiϕ0
)
, u¯ =
(
− sin θ0
2
cos θ0
2
eiϕ0
)
. (A.1)
Hence the Bose condensate field (6) is z0 = A0u. Substitution of ansatz (9) in
the Euler-Lagrange equation (8) results in the following algebraic equation for the
“amplitude” spinors z+ and z−
(−ω2 + k2)z+ + 2ω(~σ · ~B)z+ + (B2 −m2)(z†−u+ u†z+)u = 0 (A.2)
(−ω2 + k2)z− − 2ω(~σ · ~B)z− + (B2 −m2)(z†+u+ u†z−)u = 0.
Projecting each equation (A.2), onto both u and u¯, and using the following defini-
tions;
u†z+ = a1 a1 + a∗2 = a+ (A.3)
u†z− = a2 a1 − a∗2 = a−
u¯†z+ = b1 b1 + b∗2 = b+
u¯†z− = b2 b1 − b∗2 = b−
1
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2we get the following matrix equation for the amplitudes a+, a−, b+, b−,
k2 − ω2 + 2(B2 −m2) 2ωB cos θ0 0 −2ωB sin θ0
2ωB cos θ0 k2 − ω2 −2ωB sin θ0 0
0 −2ωB sin θ0 k2 − ω2 −2ωB cos θ0
−2ωB sin θ0 0 −2ωB cos θ0 k2 − ω2


a+
a−
b+
b−
 = 0.
(A.4)
Frequencies of normal modes (10) immediately follow from this matrix equation.
Amplitude vectors (a+, a−, b+, b−), corresponding to the normal modes are of the
following form
|1〉 ∝

0
sin θ0
1
cos θ0
 ; |2〉 ∝

b2
− cos θ0
0
sin θ0
 ; |3〉 ∝

0
sin θ0
−1
cos θ0
 ; |4〉 ∝

b4
− cos θ0
0
sin θ0

b2 =
√
(3B2 −m2)2 + 4B2k2 − (3B2 −m2)
2Bω2 (A.5)
b4 =
−√(3B2 −m2)2 + 4B2k2 − (3B2 −m2)
2Bω4
At small momenta, k → 0, the coefficients behave as b2 → 0, b4 → const 6= 0. Note
that there is no naive orthogonality of “eigenvectors”, in particular 〈2|4〉 6= 0. A
similar nonorthogonality is typical for classical (non-quantum) coupled oscillators in
magnetic field. In spite of the nonorthogonality, after an appropriate canonical trans-
formation the Hamiltonian is transformed to the sum of independent Hamiltonians
of the normal modes.
3Part B
In this section we calculate spin vibrations (11),(12) corresponding to different ex-
citation modes.
Using Eqs. (A.1) and (A.3) we find
z+ ∝
(
[(a+ + a−) cos θ02 − (b+ + b−) sin θ02 ]
[(a+ + a−) sin θ02 + (b+ + b−) cos
θ0
2
]eiϕ0
)
(B.1)
z− ∝
(
[(a+ − a−) cos θ02 − (b+ − b−) sin θ02 ]
[(a+ − a−) sin θ02 + (b+ − b−) cos θ02 ]eiϕ0
)
From here, using
δ~ζ = δz†~σz0 + z
†
0~σδz, (B.2)
together with Eqs.(9) and(A.5) we find explicit formulas for the spin vibration vectors
δ~ζ presented in Eqs. (11) and (12).
